, where Br (i) = i and where j is a number of S not in K, and g is a number in K. Dickson showed* for r = 2, 3 that g could be so chosen that, in the algebra L, division (except by zero) is always possible and unique. Wedderburn,f a few months later, showed that, for general r, g can always be so chosen that division is possible and unique-or, as we say, that the algebra is a division algebra.Î
The present paper considers linear associative division algebras over a general algebraic field F, which may be described as sets of numbers satisfying all the conditions for a field, except that multiplication is not necessarily commutative.
It turns out that a necessary and sufficient condition that such an algebra satisfy (c) is that 8 be a root of a certain algebraic equation which we shall call the G-equation.
Then, from some fundamental properties of the equation, we show, among other theorems, that, if a linear associative division algebra of a certain general type over an algebraic field F be of rank n, it is of order ran where mSn.
Of this theorem, Frobenius's theorem about real quaternions is a corollary. It also follows that, if a linear associative division algebra over an algebraic field F, of rank n, contain a number i which satisfies a uniserial abelian equation of degree n, then any number in the algebra is a polynomial in a number j, with coefficients in F (i), such that (1) holds. Take any Jinear associative division algebra D over an algebraic field F, and consider the necessary and sufficient condition that, for a fixed number i, it satisfy condition (c) of § 1.
Let i be a number of the algebra satisfying an equation <p ( x ) = 0 of degree n, irreducible in F. Then the order of D is a multiple of n, say ran. § If ra = 1, D is the field F(i). If m > 1, then there is a number jy in D and not in F ( i ) and the 2ra numbers ik, ik jy are linearly independent with respect to F. In fact the ran units of D can be taken as (2) ik, ikjy, where ji is not in F ( i ), ji is linearly independent of the elements ik, ik ji, j3 is linearly independent of the elements ik, ik ji, i* j2, etc. For let F(i') be the least Oberkörper oî F (i) such that F (i') is algebraically closed. This field is algebraic, and any two determinations of it are simply isomorphic. Take such a determination of F(i') that jo = 1, j\,
• • • , jrn-i are linearly independent with respect to it, and let n' be the order of F (i'). (8) 5'(x;u) =\ ^2yg/hXf -dghco\ = 0 j written for i* This, in turn, is equivalent to the statement that w = 8 is such a number in some Oberkörper F' of F (i) that, corresponding to it, there is in F' a solution ( ya ) 4= ( 0 ) of the set of ordinary linear homogeneous equations (9) X) ( 7/iA -dfhd)yf = 0
where we have taken ey = i, for convenience. Now multiplying equation h of (9) by en on the right, and summing as to h, we see that there is a number Y = ^2/ff eg satisfying Yi = BY. But, since the units eg are linearly dependent with respect to the enlarged field F', this number Y may be zero. If it is, 8 is not necessarily a root of the 0-equation for i. Nevertheless, since § 2 holds for present 8 and enlarged field F', every root 8 of the reduced equation for i, which is such that a number Y corresponding is not zero, is also a root of the 0-equation fer i. Accordingly we have Theorem 2. If i be any number in an associative division algebra D over a field F, every root of the Q-equalion for i is a root of the reduced equation for i, Thus, by Theorem 1, we have Theorem 3. If i be any number in an associative division algebra over a field F, and if 8i and 82 be two numbers of F (i) which are roots of the Q-equation for i, then 6i(0i) and 82(8i) are roots of this Q-equation.
In particular, the symbolic powers of any root 8 of the 9-equation for i are all roots of this equation; and there is some least positive integer r(l < r Si n ) such that 0r = i. Thus we have proved Theorem 4. In a linear associative division algebra D of rank n over a field F, if i be a number satisfying an equation of degree n irreducible in F, then a number J such that Ji = 8 (i)J, where 8 is a polynomial in i, is essentially unique, in the sense that every number satisfying this condition is the product of a particular such number by a number in F (i).
Moreover, every number of the form \p(i)J, where \¡/ is a number in F (i) and J is a particular solution of Ji = 6 (i)J, satisfies this equation.
[April This theorem still holds if i be any number of the algebra such that any number of the algebra which is commutative with it is necessarily in F (i).
Corollary.
Under the conditions stated in this theorem, the rank of (6) for 0 = 8 is m -1.
At this point, there naturally arises the question as to the multiplicity of a root of the 0-equation for a number i of the sort described in Theorem 4. From Dickson's work for Type A, it follows that the number i is a simple root of its 0-equation where i satisfies an irreducible equation in F whose degree is n, the rank of the algebra. More generally, we have Theorem 5. In a linear associative division algebra D over an algebraic field F, whose rank is n, if i be a number satisfying an equation of degree n irreducible in F, then every rational root of the Q-equalion for i is a simple root.
We shall prove this indirectly. Now if 6 be a root in F (i) of multiplicity =S 2, then there is a number Jy 4= 0 in the algebra, such that Corollary. This theorem holds for any number i which is such that any number of the algebra which is commutative with ü is necessarily in F (i).
Application to associative division algebras 5. General associative division algebras. By arranging the units in a square array, we readily prove the Lemma. For an associative division algebra over any field F, the order of a subalgebra is a factor of the order of the algebra.
Corollary
1. The order of a linear associative division algebra is a multiple of the rank.
Corollary 2. An associative division algebra whose order is a prime is necessarily a field.
If a be an algebraic number satisfying in the algebraic field K an irreducible equation <p ( x ) = 0 of degree n, then a defines over K an algebraic field K ( a ). Furthermore, let a', • • •, a<n-1> be the remaining n -1 roots of <p (x) = 0. Then, if K ( a ) is identical with its conjugate fields K(a'),
then K(a) is called a Galois Field* Then, combining Corollary 1 of the Lemma with Theorems 2 and 5, we have Theorem 6. If D be an associative division algebra over an algebraic field F, which contains a number i satisfying in F an irreducible equation of degree n, such that any number of D commutative with i is in F (i), and such that F (i) is a Galois Field, then D is of order mn where m Si n.
Since, for a division algebra, the rank equation is a power of the reduced equation, such a number n is a factor of the rank.
From this theorem, we have at once the well-known theorem about quaternions.
For if F be the field R of all real numbers, then the rank n must be 1 or 2. If n = 1, we have the field R. If n = 2, the defining equation for a number i, in D but not in R, may be taken to be i2 + 1 = 0. Then F (i) is simply isomorphic with the field C of ordinary complex numbers, and hence is algebraically closed. Thus every root of the 9-equation for i is in F(i). But if n = 2, m = 1 or 2. If m = 1, Z) is (abstractly) the same as the field C. If m = 2, the 9-equation is of degree 2, every one of its roots is a root of i2 + 1 =0, and no root is double. The 9-equation for i accordingly must be i2 + 1 = 0, which has the roots i and -i. This means that, in the algebra, there is a number j 4= 0 such that ji = -ij; and moreover the only numbers satisfying this relation are of the form ^¡/(i)j, where \p is a polynomial with coefficients in R. Furthermore there are two and only two such numbers linearly independent with respect to R, and these may be taken to be j and k = ij. Thus we have the Corollary. Over the field R of all real numbers, the only linear associative division algebras are the field of reals, the field of ordinary complex numbers, and quaternions.
6. Algebras over F containing a number i such that F ( i ) is a Galois field. From Theorem 2 we have at once Theorem 7. If D is an associative division algebra over an algebraic field F which contains a number i satisfying an irreducible uniserial abelian equation (of degree > 1 ), then the algebra is of Type A .
* Hubert, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 4, p. 247; Bachmann, Zahlentheorie, vol. 5, p. 30.
Trans. Am Math. Soc. IS From Theorems 2, 5, and 6, we have Theorem 8. If D is an associative division algebra of rank n, over an algebraic field F, which contains a number i satisfying an irreducible uniserial abelian equation of degree n, then the entire algebra can be generated by i and a number j such that ji = 8(i)j where 8 4= iThis is Wedderburn's theorem, which he proved by using the group of the irreducible equation satisfied by i.*
We have a theorem of this nature for the more general case where i satisfies an equation in F which is irreducible in F but completely reducible in F (i), though not necessarily an abelian equation.
Let D be an associative division algebra of rank n. Then, by Theorem 6, the order is ran, where m Si n. Further, by § 2, the 0-equation for i is an equation in F ( i ) which is of degree m; and, in view of Theorem 2, this equation-when considered as an ordinary algebraic equation in F (i)-is completely reducible, since the reduced equation for i is completely reducible in F ( i ).
By Theorem 3, we know that, if By(i) and 62(i) be two roots of the 0-equation for i, then 8y (82) where r is the lowest positive integer i»such that 6l = i, where 82 is a root of the 0-equation not in the first row of the array (10), 83 is a root not in the first two rows of (10), etc. Let j 4= 0 be one of the numbers of the algebra corresponding to the root 6, thus, ji = 8j. Then, by Theorem 4, every such number is the product of j by a number in F (i).
The rn numbers In a similar manner, we show that any number of D is expressible in the form (12) ÍXkd)ikYk(j); *=i and thus we deduce Theorem 9. If D be an associative division algebra of rank n, over an algebraic field F, which contains a number i satisfying an equation of degree n which is irreducible in F, but completely reducible in F (i), then the algebra can be generated by s + 1 numbers of the algebra j, iy = i, i2, • • •, i, where s is a factor of m, where mn is the order of D .
By (1), we have It, in particular, m is a prime, then we have Corollary 2. .4n associative division algebra D, which is of rank n and order pn (p,a prime) can be generated by two numbers of the algebra if it contains a number i satisfying an equation of degree n which is irreducible in F, but completely reducible in F (i).
7. Division algebras of Type A. If, in particular, an algebra of Type A is a division algebra, and if n is the rank of the algebra, then there are certain restrictions on r and n as evidenced by the following theorems.
Theorem
10. For an associative division algebra of rank n which satisfies conditions (a), (b), and (c), the integer r of equation (1) is a factor of n.
For j satisfies an equation in F of degree n, and it satisfies an irreducible equation in F of degree ni. Now ni must be a factor of n. For let R ( x ) = 0 be the equation in F of lowest degree satisfied by every number x in the algebra-this is called the rank equation.
Let p ( x ) = 0 be the equation in F of lowest degree satisfied by j. Then it is a well-known fact* that, for any linear associative algebra, every root of R(x) =0 when considered as an ordinary algebraic equation in F is a root of p ( x ) = 0 when considered as an ordinary algebraic equation in F; and conversely every root of p(x) = 0 is a root of R(x) = 0. Then, since we are considering a division algebra, R ( x ) must be a power of p ( x ), and thus ni is a factor of n.
Let p(j) be where the coefficients of the powers of j are polynomials in g (i) with coefficients in F. Since the degree of this equation in F ( i ) satisfied by j is less than r, the left member must be identically zero in F (i) and, in particular, gqd) + ■•■ =0.
Thus j satisfies an equation in F of degree qr =z r. Hence r0 = 0, and our theorem is proved. Theorem 11. Given an associative division algebra D which is of order mn and rank n. Let i be a number in D which satisfies an irreducible equation in F of degree n, and let there be in D a number j not in F (i) such that ji = 8(i)j + o-(i), where 8 and a are polynomials with coefficients in F.
Then m necessarily has a factor in common with n.
Theorem 12. There is no associative division algebra of Type A and of order pi p2 where pi and p2 are distinct primes.
Theorem 13. For an associative division algebra of Type A and order p2, where p is a prime, the rank equation for the general number of the algebra is a uniserial abelian equation.
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